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GLOBAL EXISTENCE AND BLOW-UP FOR SPACE AND TIME
NONLOCAL REACTION-DIFFUSION EQUATION
AHMED ALSAEDI, MOKHTAR KIRANE∗ and BERIKBOL T. TOREBEK
Abstract. A time-space fractional reaction-diffusion equation in a bounded and
in an unbounded domain is considered. Under some conditions on the initial data,
we show that solutions may experience blow-up in a finite time. However, for
realistic initial conditions, solutions are global in time. Moreover, the asymptotic
behavior of bounded solutions is analysed.
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1. Introduction
In this paper, we consider the fractional analogue of the reaction diffusion system
∂αt u+ (−∆)
s
xu = −u(1− u), x ∈ Ω, t > 0, (1.1)
supplemented with the boundary condition
u = 0, x ∈ Rn \ Ω, t > 0, (1.2)
(if Ω = Rn, the boundary condition (1.2) is omitted but we add lim
|x|→∞
u = 0,) and
with the initial condition
u(x, 0) = u0(x), x ∈ Ω, (1.3)
where ∂αt is the Caputo fractional derivative
∂αt u(x, t) =
1
Γ(1− α)
t∫
0
(t− τ)−α∂τu(x, τ)dτ,
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of order α ∈ (0, 1], definde for a differentiable function u, and (−∆Ω)
s is the fractional
Laplacian
(−∆Ω)
s
x u(x, t) = Cn,sP.V.
∫
Ω
u(x, t)− u(ξ, t)
|x− ξ|n+2s
dξ,
where s ∈ (0, 1) and Cn,s is a normalizing constant.
Our paper is motivated by the recent one of [AAAKT15] in which they proved the
questions of global solutions and blowing-up solutions to the equation (1.1), when s =
1. Our problem (1.1)-(1.3) is a natural generalization of results in [AAAKT15]. We
will prove the existence of globally bounded solutions as well as blowing-up solutions
according to the condition imposed on the initial data. Note that, a similar studies
for time-fractional reaction-diffusion equations were considered in [AA18, AGKW19,
DCCM15, CSWSS18, KLW16, VZ17].
1.1. Preliminaries.
Lemma 1.1. [MN19] Let u ∈ C∞0 (R
n). Then the quadratic form given by
((−∆Rn)
su, u)
is non-negative.
Lemma 1.2. [MN14] Let u ∈ Hs0(Ω). Then the quadratic form given by
((−∆Ω)
su, u)
is non-negative.
Lemma 1.3. [AAK17] Let v ∈ C1([0, T ]). Then
2v(t)∂αv(t) ≥ ∂αv2(t).
Lemma 1.4. [AB17] Let u ∈ Hs0(Ω), s ∈ (0, 1). Then
‖u‖2L2(Ω) .
∫
Ω
∫
Ω
|u(x)− u(y)|2
|x− y|n+2s
dxdy . ((−∆Ω)
su, u) .
Here and futher we use X . Y to denote the estimate X ≤ CY for some constant C.
Lemma 1.5. [KSZ17] Let α ∈ (0, 1) and n ≥ 1. Suppose u is the solution of equation
∂αt u+ (−∆)
s
xu = 0, x ∈ R
n, t > 0, (1.4)
with initial data u0 ∈ L
1(Rn). Then
‖u(t, ·)‖L2(Rn) . t
−α, t > 0.
2. Existence of global solutions
Theorem 2.1. Let u0(x) satisfy the estimates
0 ≤ u0(x) ≤ 1.
Then problem (1.1)-(1.3) admits a global solution, that satisfies
0 ≤ u(x, t) ≤ 1
for (x, t) ∈ Ω× [0, T ].
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Proof. Firstly, we show that u ≥ 0. Multiplying scalarly in L2(Ω) equation (1.1) by
u˜ := min (u, 0) , we obtain∫
Ω
∂αt u˜ · u˜dx+
∫
Ω
(−∆)sxu˜ · u˜dx =
∫
Ω
u˜2 (u˜− 1) dx.
Then from the Lemma 1.2 (if Ω = Rn, then from the Lemma (1.1)) follows
−
∫
Ω
(−∆)sxu˜ · u˜dx ≤ 0
Then using Lemma 1.3, we obtain
∂αt
∫
Ω
u˜2 (x, t) dx .
∫
Ω
u˜2 (x, t) dx. (2.1)
By denoting
∫
Ω
u˜2 (x, t) dx = ϕ(t) in (2.1) we get
{
∂αϕ(t) . ϕ(t),
ϕ(0) = 0,
which implies
∫
Ω
u˜2 (x, t) dx = 0 as u˜ (x, 0) = 0, hence u˜ = 0. Whereupon u ≥ 0.
Now we show that u ≤ 1. Multiplying scalarly in L2(Ω) equation (1.1) by uˆ :=
min (1− u, 0) , we have∫
Ω
∂αt uˆ · uˆdx+
∫
Ω
(−∆)sxuˆ · uˆdx =
∫
Ω
uˆ2 (uˆ− 1) dx.
Repeating the above calculations for uˆ := min (1− u, 0) we get
∂αt
∫
Ω
uˆ2 (x, t) dx .
∫
Ω
uˆ2 (x, t) dx.
This implies, that
∫
Ω
uˆ2 (x, t) dx = 0 as uˆ (x, 0) = 0, hence uˆ = 0. Whereupon
u ≤ 1. The result follows as 0 ≤ u ≤ 1. 
2.1. Large time behavior of global solutions.
2.1.1. Case of unbounded domain.
Theorem 2.2. Assume that 0 ≤ u0 ≤ 1 and u0 ∈ L
1(Rn). Then the solution 0 ≤
u ≤ 1 of the fractional reaction-diffusion problem (1.1)-(1.3) satisfies the following
estimate
‖u(t, ·)‖L2(Rn) . t
−α, t > 0. (2.2)
Proof. As 0 ≤ u ≤ 1, the right hand side of (1.1): −u+ u2 < 0, so u satisfies
∂αt u+ (−∆)
s
xu ≤ 0, x ∈ R
n, t > 0,
lim
|x|→∞
u(x, t) = 0, t > 0,
u(x, 0) = u0(x), x ∈ R
n,
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The solution u ≤ u¯, where u¯ is the solution of the equation (1.4) with initial data
u0 and with bounded conditions lim
|x|→∞
u(x, t) = 0. Using Lemma 1.5, we have the
required estimates (2.2). 
2.1.2. Case of bounded domain.
Theorem 2.3. Assume that 0 ≤ u0 ≤ 1 and u0 ∈ L
1(Rn). Then the solution 0 ≤
u ≤ 1 of the fractional reaction-diffusion problem (1.1)-(1.3) satisfies the estimate
‖u(t, ·)‖L2(Ω) .
1
1 + νtα
‖u0‖L2(Ω) . t
−α, t > 0, (2.3)
where ν > 0.
Proof. Since 0 ≤ u ≤ 1, then it follows −u+ u2 < 0. Then u satisfies to equation
∂αt u+ (−∆)
s
xu ≤ 0, x ∈ Ω, t > 0, (2.4)
with initial-boundary conditions (1.2), (1.3).
By multiplying scalarly equation (2.4) by u and using Lemm 1.3 and 1.4, we obtain
∂αE(t) + νE(t) ≤ 0, t > 0,
where E(t) =
∫
Ω
u2dx.
As E(t) ≤ E¯(t), where E¯(t) is the solution of the problem
∂αE¯(t) + νE¯(t) = 0, t > 0,
E¯(0) = E0 =
∫
Ω
u20(x)dx,
then the unique solution of the above problem has the form
E¯(t) = E0Eα,1(−νt
α),
where Eα,1(z) is the Mittag-Leffler function [KST06]:
Eα,1(z) =
∞∑
m=0
zm
Γ(αm+ 1)
.
The following Mittag-Leffler function’s estimate is known [Sim14]:
Eα,1(−z) .
1
1 + z
, z > 0.
The estimate (2.3) then follows. 
3. Blow-up of solutions
First, we formulate the following theorem.
Theorem 3.1. Let 1 ≤ u0(x) <∞. Then the solution to problem (1.1)-(1.3) satisfies
1 ≤ u(x, t).
Proof. It suffices to observe that
1 ≡ uˇ(x, t) ≤ u(x, t)
is a lower solution to problem (1.1)-(1.3). 
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3.1. Blow-up of solutions in an unbounded domain.
Theorem 3.2. If 1 + µ ≤
∫
Rn
u0(x)φ(x)dx = F0, then the solution of problem (1.1)-
(1.3) blows-up in a finite time T ∗.
Let φ ∈ C∞0 (R
n) satisfies the properties
(−∆Rn)
sφ(x) ≤ µφ(x), x ∈ Rn,
φ(x) > 0,
∫
Rn
φ(x)dx = 1, x ∈ Rn,
and 0 < µ ∈ R.
Proof. We introduce the notation
F (t) =
∫
Rn
u(x, t)φ(x)dx.
Multiplying equations (1.1) by φ(x) and integrating over Rn, leads to
∂αt
∫
Rn
u(x, t)φ(x)dx+
∫
Rn
(−∆Rn)
s
x
u(x, t)φ(x)dx
=
∫
Rn
u(x, t) (u(x, t)− 1)φ(x)dx. (3.1)
Using properties of function φ and applying Ho¨lder’s inequality in (3.1) we obtain
∂αt F (t) + (1 + µ)F (t) ≥ F
2(t). (3.2)
Let F˜ (t) = F (t)− (1 + µ), then from (3.2) we get
∂αt F˜ (t) ≥ F˜ (t)
(
F˜ (t) + 1
)
. (3.3)
As 0 ≤ F˜0 = F˜ (0), then from the results in [DFR14] the solution of inequality (3.3)
blows-up in a finite time. 
3.2. Blow-up of solutions in a bounded domain. Let e1(x) > 0 be the first
eigenfunction associated to the first eigenvalue λ1 of the fractional eigenvalue problem
(−∆Ω)e1(x) = λ1e1(x), x ∈ Ω,
e1(x) = 0, x ∈ R
n \ Ω,
(3.4)
taken such that
∫
Ω
e1(x)dx = 1.
Theorem 3.3. If 1 + λ1 ≤
∫
Ω
u0(x)e1(x)dx = H0, then the solution of problem (1.1)-
(1.3) blows-up in a finite time T ∗. Here e1(x) > 0 is a first eigenfunction of the
Dirichlet fractional Laplacian (3.4) associated to the first eigenvalue λ1.
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Proof. Multiplying equations (1.1) by e1(x) and integrating over Ω, leads to
∂α
∫
Ω
u(x, t)e1(x)dx+
∫
Ω
(−∆Ω)
s
x u(x, t)e1(x)dx
=
∫
Ω
u(x, t) (u(x, t)− 1) e1(x)dx. (3.5)
Let us set H(t) =
∫
Ω
u(x, t)e1(x)dx.
Since∫
Ω
(−∆Ω)
s
x u(x, t)e1(x)dx =
∫
Ω
u(x, t) (−∆Ω)
s
x e1(x)dx = λ1
∫
Ω
u(x, t)e1(x)dx,
for u = 0, e1(x) = 0, x ∈ R
n \ Ω, and
H2(t) ≤
∫
Ω
u2(x, t)e1(x)dx
via Ho¨lder’s inequality, then for (3.5) we have
∂αH(t) + (1 + λ1)H(t) ≥ H
2(t). (3.6)
Let H˜(t) = H(t)− (1 + λ1), then from (3.6) we get
∂αH˜(t) ≥ H˜(t)
(
H˜(t) + 1 + λ1
)
≥ H˜(t)
(
H˜(t) + 1
)
. (3.7)
As 0 ≤ H˜0 = H˜(0), then from the results in [DFR14] the solution of inequality (3.7)
blows-up in a finite time. 
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